Abstract. Some elementary inequalities providing upper bounds for the difference of the norm and the numerical radius of a bounded linear operator on Hilbert spaces under appropriate conditions are given.
Obviously, by (1.1), for any x ∈ H one has (1.2)
| T x, x | ≤ w (T ) x 2 .
It is well known that w (·) is a norm on the Banach algebra B (H) of all bounded linear operators T : H → H, i.e., (i) w (T ) ≥ 0 for any T ∈ B (H) and w (T ) = 0 if and only if T = 0; (ii) w (λT ) = |λ| w (T ) for any λ ∈ C and T ∈ B (H) ; (iii) w (T + V ) ≤ w (T ) + w (V ) for any T, V ∈ B (H) .
This norm is equivalent with the operator norm. In fact, the following more precise result holds [1, p. 9 
]:
Theorem 4 (Equivalent norm). For any T ∈ B (H) one has
Let us now look at two extreme cases of the inequality (1.3). In the following r (t) := sup {|λ| , λ ∈ σ (T )} will denote the spectral radius of T and σ p (T ) = {λ ∈ σ (T ) , T f = λf for some f ∈ H} the point spectrum of T.
The following results hold [1, p.10]:
Theorem 5. We have
To address the other extreme case w (T ) = 1 2 T , we can state the following sufficient condition in terms of (see [1, p. 11 
It is well-known that the two-dimensional shift
has the property that w (T ) = For other results on numerical radius, see [2] , Chapter 11. The main aim of the present paper is to point out some upper bounds for the nonnegative difference
under appropriate assumptions for the bounded linear operator T : H → H.
The Results
The following results may be stated:
Theorem 8. Let T : H → H be a bounded linear operator on the complex Hilbert space H. If λ ∈ C\ {0} and r > 0 are such that
Proof. For x ∈ H with x = 1, we have from (2.1) that
Taking the supremum over x ∈ H, x = 1 in (2.3) we get the following inequality that is of interest in itself:
Since, obviously,
hence by (2.4) and (2.5) we deduce the desired inequality (2.2).
Remark 1. If the operator
, T = 1 and T − I ≤ 1, then the equality case holds in (2.2) . Indeed, by Theorem 6, we have in this case w (T ) = The following corollary may be stated:
H → H be a bounded linear operator and ϕ, φ ∈ C with φ = −ϕ, ϕ. If
Proof. Utilising the fact that in any Hilbert space the following two statements are equivalent:
we deduce that (2.6) is equivalent to
for any x ∈ H, x = 1, which in its turn is equivalent with the operator norm inequality: 
The following result may be stated as well:
Corollary 3. Assume that T, λ, r are as in Theorem 8. If, in addition, there exists ρ ≥ 0 such that
Proof. From (2.4) of Theorem 8, we have
On utilising (2.4) and (2.12) we deduce the desired inequality (2.13).
Remark 3. In particular, if T − λI ≤ r and |λ| = w (T ) , λ ∈ C, then
The following result may be stated as well.
Theorem 9. Let T : H → H be a nonzero bounded linear operator on H and λ ∈ C \ {0} , r > 0 with |λ| > r. If
which implies, on dividing with |λ| 2 − r 2 > 0 that
By the elementary inequality
and by (2.18) we deduce
which is equivalent to (2.17).
Remark 4. Squaring (2.17), we get the inequality
Remark 5. Since for any bounded linear operator T : H → H we have that (2.17) would produce a refinement of this classic fact only in the case when
, which is equivalent to r/ |λ| ≤ √ 3/2.
The following corollary holds.
Corollary 4. Let ϕ, φ ∈ C with Re (φφ) > 0. 
and
Proof. If we consider λ = 
